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Abstract. In this paper we consider countable state p-adic Potts model 
on the Cayley tree. A construction of p-adic Gibbs measures which depends 
on weights A is given, and an investigation of such measures is reduced to 
examination of an infinite-dimensional recursion equation. Studying the 
derived equation under some condition concerning weights, we prove the 
absence of a phase transition. Note that the condition does not depend on 
values of the prime p, and an analogues fact is not true when the number of 
spins is finite. For homogeneous model it is shown that the recursive equa- 
tion has only one solution under that condition on weights. This means that 
there is only one p-adic Gibbs measure ^x- The boundedness of the measure 
is also established. Moreover, continuous dependence of the measure /i^ on 
A is proved. At the end we formulate one limit theorem for fi\. 
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1. INTRODUCTION 

Since the 1980s, various models described in the language of p-adic analysis have 
been actively studied [5], [22, 23], [4 7], [62]. More precisely, models defined over the 
field of p-adic numbers have been considered. Which is due to the assumption 
that p-adic numbers provide a more exact and more adequate description of mi- 
croworld phenomena. The well-known studies in this area are primarily devoted to 
investigating quantum mechanics models using equations of mathematical physics 
[4, 48, 52, 63, 61]. One of the first applications of p-adic numbers in quantum physics 
appeared in the framework of quantum logic in [10]. This model is especially in- 
teresting for us because it could not be described by using conventional real valued 
probability. Furthermore, numerous applications of the p-adic analysis to mathe- 
matical physics have been proposed in [8], [32], [33], [52]. Besides, it is also known 
[33, 42, 47, 52, 54, 60, 61] that a number of p-adic models in physics cannot be 
described using ordinary Kolmogorov's probability theory. New probability mod- 
els, namely p-adic ones were investigated in [15], [17], [31], [40]. After that in [41] an 
abstract j?-adic probability theory was developed by means of the theory of non- 
Archimedean measures [54]. Using that measure theory in [39], [45] the theory of 
stochastic processes with values in p-adic and more general non- Archimedean fields 
having probability distributions with non-Archimedean values has been developed. 
In particular, a non- Archimedean analog of the Kolmogorov theorem was proven (see 
also [25]). Such a result allows us to construct wide classes of stochastic processes 
using finite dimensional probability distributions. We point out that stochastic pro- 
cesses on the field Qp of p-adic numbers have been studied by many authors, for 
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example, [1, 2, 3, 18, 43, 64]. In those investigations wide classes of Markov pro- 
cesses on Qp were constructed and studied. Such studies, therefore, give a possibility 
to develop the theory of statistical mechanics in the context of the p-adic theory, 
since it lies on the basis of the theory of probability and stochastic processes. Note 
that one of the central problems of such a theory is the study of infinite-volume 
Gibbs measures corresponding to a given Hamiltonian, and a description of the set 
of such measures. In most cases such an analysis depend on a specific properties of 
Hamiltonian, and complete description is often a difficult problem. This problem, 
in particular, relates to a phase transition of the model (see [27]). 

In [36, 37] a notion of ultrametric Markovianity, which describes independence of 
contributions to random field from different ultrametric balls, has been introduced, 
and shows that Gaussian random fields on general ultrametric spaces (which were 
related with hierarchical trees), which were defined as a solution of pscudodiffer- 
ential stochastic equation (sec also [29]), satisfies the Markovianity. In addition, 
covariation of the defined random field was computed with the help of wavelet anal- 
ysis on ultrametric spaces (see also [44]). Some applications of the results to replica 
matrices, related to general ultrametric spaces have been investigated in [38]. 

In this paper we develop a p-adic probability theory approach to study countable 
state of nearest-neighbor Potts models on a Cayley tree (sec [9]) over p-adic filed. 
We are especially interested in the construction of p-adic Gibbs measure for the 
mentioned model. Such measures present more natural concrete examples of p-adic 
Markov processes (see [37, 39], for definitions). When states are finite, say q, then 
the corresponding p-adic q'-state Potts models on the same tree have been studied 
m [49, 50, 51]^ It was established that a phase transition occurs if q is divisible by 
p. This shows that the transition depends on the number of spins q. To establish 
such a result we investigated fixed points of a p-adic dynamical systems associated 
with that model. We remark that first investigations of non- Archimedean dynamical 
systems have appeared in [28]. We also point out that intensive development of p- 
adic (and more general algebraic) dynamical systems has happened few years, see 
[6, 7, 11, 14, 40, 57, 59, 65]. More extensive lists may be found in thep-adic dynamics 
bibliography maintained by Silverman [57] and the algebraic dynamics bibliography 
of Vivaldi [60]. 

The aim of this paper is to give sufficient condition for the uniqueness of p-adic 
Gibbs measures of the countable state Potts model, and to study such measures. 
Note that in comparison to a real case, in a p-adic setting, a priori the existence of 
such kind of measures for the model is not known, since there is not much information 
on topological properties of the set of all p-adic measures defined even on compact 
spaces. However, in the real case, there is the so called the Dobrushin's Theorem 
[19, 20] which gives a sufficient condition for the existence of the Gibbs measure for 
a large class of Hamiltonians. 

The paper is organized as follows. After preliminaries (Sec. 2) in section 3 we 
define our model, and give a construction of p-adic Gibbs measures which depends 
on weight A. Using Kolmogorov extension Theorem [39], an investigation of such 
measures is reduced to examination of an infinite-dimensional recursion equation. In 
Section 4, studying the derived equation under some condition on weights, we prove 
the absence of a phase transition. Note that, for the real counterparts of the model, 
such results are unknown (see [24, 26]). It turns out that the founding condition 
does not depend on values of the prime p, and therefore, an analogous fact is not true 
when the number of spins is finite. In section 5, we well consider homogeneous p-adic 
Potts model, and show under the condition formulated in section 3, the recursive 
equation has only one solution. Hence, there is only one p-adic Gibbs measure fix. 
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Then we establish boundedness one. In section 6, we prove continuous dependence 
of the measure fix on X. We also prove one limit theorem for /j.^. The last section is 
devoted to the conclusions of the results. 

2. Preliminaries 

In what follows p will be a fixed prime number, and Qp denotes the field of ;?-adic 

filed, formed by completing Q with respect to the unique absolute value satisfying 
\p\p = 1/p. The absolute value | • |p, is non- Archimedean, meaning that it satisfies 
the ultrametric triangle inequality |x + y|p < max{|x|p, \y\p}- 
Given a G Qp and r > put 

B{a,r) = {x eQp : \x — a\p < r}. 

The p-adic logarithm is defined by the series 

logp(x) = logp(l + (x - 1)) = 

n=l 

which converges for x G -6(1, 1); the p-adic exponential is defined by 

expp(x) = 2^ ^, 

n=0 

which converges for x G B{0,p'~^^'^P^^^). 

Lemma 2.1. [42, 55] Let x G 5(0, jo"^/^*'^^)) then we have 

I expp(.x)|p = 1, I expp(.x) - l\p = \x\p, \ logp(l + x)\p = \x\p (2.1) 
logp(cxpp(x)) = X, expp(logp(l + x)) = I + X. (2.2) 

Note the basics of p-adic analysis, p-adic mathematical physics are explained in 
[42, 55, 61]. 

Let {X, B) be a measurable space, where B is an algebra of subsets X. A function 
: ;B — > Qp is said to be a p-adic measure if for any Ai,. . . ,An C B such that 
Ai nAj = ${i^ j) the equality holds 



(n \ n 

(JaA =Y,h{Aj). 

.7 = 1 ^ .7 = 1 



A p-adic measure is called a probability measure if n{X) = 1. A p-adic probability 
measure /x is called bounded if sup{|/i(A)|p : ^ G S} < oo. Note that in general, 
a p-adic probability measure need not be bounded [31, 39, 42]. For more detail 
information about p-adic measures we refer to [31], [40], [54]. 

Recall that the Cayley tree (see [9]) of order > 1 is an infinite tree, i.e., a 
graph without cycles, from each vertex of which exactly A; -|- 1 edges issue. Let F*^ = 
{V, L), where V is the set of vertexes of F*^, L is the set of edges of F^. The vertices 
X and y are called nearest neighbors and they are denoted by / =< x,y > if there 
exists an edge connecting them. A collection of the pairs < x,xi >,...,< Xd-i,y > 
is called a path from the point x to the point y. The distance d{x,y), x,y G V, on 
the Cayley tree, is the length of the shortest path from x to y. Now fix x^ G V, and 
set 

n 

Wn = {xe V\d{x, x°) = n}, Vn= \J Wm, = {I =< X, y >G L\x, y G F„}. 

m=l 

The set of direct successors of x is defined by 

Six) = {yeWn+i:dix,y) = l}, xeWn- (2.3) 
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Observe that any vertex x 7^ x° has k direct successors and x° has A; + 1. 



3. The p-ADic Potts model and p-adic Gibbs measures 

Wc consider the p-adic Potts model where spin takes values in the set <1> = 
{0, 1, 2, • • • } (<J> is called a state space) and is assigned to the vertices of the tree 
r'^ = {y, A). A configuration (j on 1/ is then defined as a function x G F — > cf{x) G $; 
in a similar manner one defines configurations Un and a; on and W„, respectively. 
The set of all configurations on V (resp. Vn, Wn) coincides with Q. = <I>^ (resp. 
Q.Vn = ^VK„ = <J>^"). One can see that Q.v,^ = ^v„-i x ^Wn- Using this, for 

given configurations an-i € ^Vn-i ^^id ^ ^ ^VK„ we define their concatenations by 



K_iVu;)(x) = | ^^^^^^ if xeW^. 



It is clear that an-i V a; G ^Vn- 

The Hamiltonian Hn '■ ^^v„ ~^ Qp of the inhomogeneous p-adic countable state 
Potts model has a form 

^n(o-) = '^x,y^a{x),a{y), (T & ^Vn, n & f^, (3.1) 

n 

where S is the Kronecker symbol and the coupling constants Jx,y are taken from Qp 
with constraint 

\Jx,y\p < ^i/lp_i) ^ V < X, y >G Ln- (3.2) 

Note that such a condition provides the existence of a p-adic Gibbs measure (see 
(3.5)). 

We say (3.1) is homogeneous Potts model if Jxy = J, V < x, y > . 
We then construct p-adic Gibbs measures corresponding to the model. 
A given set A we put = {{xiji^A ■ Xi eQp}. 

Assume that a function h : F \ {x^'^)} Q*, i.e. h^; = {/li.xjie*) is such that 

I^^'^Ip < pi/l-i) ^ ^ ^ \ {^^°^>' ' ^ ^' (^•^) 

and a non-zero element A = {A(i)}jg$ G is fixed such that 

|A(n)|p — >■ as n ^ oo (3.4) 

which is called a weight. In what follows, without losing generality we may assume 
that A(0) 7^ 0. 

(n) 

Given n = 1, 2, . . . a p-adic probability measure /Xj^ on is defined by 

Here, a G ^v„j and Z^^^^ is the corresponding normalizing factor called a partition 
function given by 

4^)= Yl expJ//,(a)+ 5] h,^x),x] n ^(^(^))' (3-6) 

here subscript n and superscript (h) are accorded to the Z, since it depends on n 
and a function h. 

The conditions (3.2) and (3.3) allow the existence of exp^, therefore, the measures 

(n) 

/x^ are well defined. 
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Now we want to define a p-adic probability measure on O such that it would be 
compatible with defined ones i.e. 

Ii{a en-. a\v„ = an) = /^h Vn), for all an G ^v„, n G N. (3.7) 

In general, a priori the existence of such kind of measure /x is not known, since, 
there is not much information on topological properties, such as compactness, of the 
set of all p-adic measures defined even on compact spaces^. Therefore, at a moment, 

(n) 

we can only use the so called compatibility condition for the measures //j^ , n > 1, 
i.e. 



u>eOw„ 

for any cr„_i G ^v„-i (cp. [16]), which implies the existence of a unique p-adic 
measure defined on Q with a required condition (3.7). Moreover, if the measures 

(n) 

/Ltjj are bounded, then /j, is also bounded. This assertion is known as the p-adic 
Kolmogorov extension Theorem (sec [25], [39]). 

So, if for some function h the measures /j,^^ satisfy the compatibility condition, 
then there is a unique p-adic probability measure, which we denote by since it 
depends on h. Such a measure is said to be p-adic Gibbs measure corresponding 
to the p-adic Potts model. By S we denote the set of all such p-adic Gibbs measures. 
If there are at least two different p-adic Gibbs measures in S, i.e. one can find two 
different functions s and h defined on such that there exist the corresponding 

measures /Hg and /Hh, which are different, then we say that a phase transition occurs 
for the model, otherwise, there is no phase transition. 

Now one can ask for what kind of functions h the measures /u|^^ defined by (3.5) 
would satisfy the compatibility condition (3.8). The following theorem gives an 
answer to this question. 

Theorem 3.1. The measures fJ-^\ n= 1,2,... given by (3.5), satisfy the compat- 
ibility condition (3.8) if and only if for any x G F \ {x'-^-'} the following equation 
holds: 

^*.- = T75y n PiiW,dx,y), ieN (3.9) 
^ ^ yeS{x) 

here and below Ox,y = expp{Jx,y), a sequence h = {^ijigN € Qp is defined by h. = 
{hi}ie^ as follows 

x{oy 

and mappings Fi : Qp x Qp ^ Qp are defined by 

[Q _ 1)3;. + X • + 1 

Fi{^-,e) = ' ' ^^-y , X = {xi}iem eeQp, ieN. 

l^j=i^j+^ (3.11) 

The proof consists of checking condition (3.8) for the measures (3.5) (cp. [26]). 



hi = e^Vp{hi-ho)^, ien (3.10) 



^In the real case, when the state space; is compact, then the existence follows from the 
compactness of the set of all probability measures (i.e. Prohorov's Theorem). When the 
state space is non-compact, then there is a Dobrushin's Theorem [19, 20] which gives a 
sufficient condition for the existence of the Gibbs measure for a large class of Hamiltonians. 
In [24] using that theorem it has been established the existence of the Gibbs measure for 
the real counterpart of the studied Potts model. It should be noted that there are even 
nearest-neighbor models with countable state space for which the Gibbs measure does not 
exists [58]. 
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Remark 3.1. Note that thanks to the non-Archimedeanity of the norm | • \p the series 

oo 

Xfc converges iff the sequence converges to (see [42, 55]). Therefore, from 

k=l 

(3.10) one can see that condition (3.4) and |expp(x)|p = 1 imply that the series 

oo ^ 

^ hj^x always converges and is finite. 

4. Absence of the phase transition 

In this section, under some condition on weights A, we are going to prove the 
absence of the phase transition for the model (3.1) 

As pointed out from (3.10), (3.4) we have \hn\p — > as n — oo. Therefore, let us 
consider the following space 

Co = {X = e Qp ■ \Xn\p ^0, n ^ Oo} 

with a norm ||x|| = maxIx^L (see [54, 55] for more p-adic Banach spaces). Put 

n 

B = {xGco: ||x||<l}. Since the norm takes discrete values, the set B coincides 
with B = {x G Co : ||x|| < l/p}- Therefore, B is a closed set. 

Let us for the sake of shortness, given a sequence x = {xnjneN, denote 

oo 

X:=Y,Xj. (4.1) 

i=i 

Then one can easily see that 



oo 

\X -Y ' 



IP 



3=1 



< max \xj — yj\ = ||x — y||, (4.2) 



for any x, y G cq. 

Lemma 4.1. For the mapping Fi given by (3.11) the following relations hold 

\F^{^,e)-F,{y,d)\p<\0-l\p\\^-y\\, (4.3) 

\Fi{^,e)-i\p = \e-i\p. (4.4) 

for every x, y G B and f G N. 

Proof. Let x, y G B, then from (3.11) with (4.2) we have 

\Fi{^,e)-Fi{y,e)\p = \{(e-i)x, + x + i){Y + e)-{{e-i)y, + Y + i){x + e)\p 

= \9-l\p\xiY -yiX + e{xi-yi)+X -Y\p 

= \e- i\p {X + e){xi - vi) + (1 - xi){x - Y)\p 

< \9 - l\pmax{\xi - yi\p,\X -Y\p} 

< |0-l|p||x-y|| 

which proves (4.3), here we have used that \X + 6\p = 1,\Y + 9\p = 1. Next relation 
(4.4) is obvious. □ 

Let us first enumerate S{x) for any x eV as follows S{x) = {xi, • • • , Xk}, here as 
before S{x) is the set of direct successors of x (see (2.3)). Using this enumeration 
one can rewrite (3.9) by 

= 175) n Pii^xm;Ox,xJ, i e N, for every xeV\ {x^}. (4.5) 

^ m=l 

Now we need an auxiliary fact. 
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Lemma 4.2. // \ai\p < 1, \bi\p < 1, i = 1, . . . ,n, then 

n n 



i=l 



< max{|ai - bi\p} 

i<i<n 



Proof. We have 



i=l 1=1 



< 




p 





i=2 1=2 



i=2 



Y[ai-Y[h 

1=2 i=2 



< max I \ai — 

< ■ • 

< max{|aj - 6i|p} 

i<i<n 

which is the assertion. 

So, we can formulate the main result. 
Theorem 4.3. Assume that a weight A satisfies the following condition 



□ 



max 



A(^) 



A(0) 



< 1. 



(4.6) 



Then there is no phase transition for the countable state p-adic Potts model (3.1), 
i.e. \S\ < 1. 

Proof. From (4.6) and (3.10) we see that all solutions of (4.5) belong to B. Now 
let us assume that h = {hx,x € V \ {x(°)}},s = {sx,x G V \ {x^^^} be the two 
solutions of (4.5). Now fix an arbitrary vertex x E V \ {x^^^}. Then (4.5) with 
Lemmas 4.1 and 4.2, implies that 



< 



A(0) 



m=l 



m=l 



A(0) 



< max 

l<m<k 



< — max 

P l<m<k 



max <^ \Fi{hx^;9x,xJ)i - Fi{sx^; 9x,xJ\p 

l<m<k 



^X,Xm Mp^^Xm ^Xm\ 



I ^Xjn I 



Hence, 



\^x — Sxll < - max < llh-c^ — s^.^ 
' ^ ^" - p i<m<k ' " ^"^ 



(4.7) 



Now take an arbitrary e > and no € N such that 1/^"° < e. Iterating (4.7) 
uq times one gets Ijha; — Sa;|| < e. Therefore, the arbitrariness of e and x yield that 
= Sx for every x & V \ {x^^^}. This means that |<S| < 1 and completes the 
proof. □ 



Remark 4.1. It is clear that the condition (4.6) does not depend on values of the 
prime p, therefore an analogues fact is not true when the number of spins is finite ( 
see also Remark 5.1 (a)). 
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Remark 4.2. Note that the equahty can be interpreted as an infinite dimensional 
recurrence equation over the tree. So, Theorem 4.3 means that the equation has no 
more one solution. Simpler, recurrence equations over p-adic numbers were consid- 
ered in [21], [48]. 

5. Uniqueness and boundedness of the Gibbs measure 

As we pointed out, in general, p-adic Gibbs measures may not exist. In this 
section we will show that the p-adic Gibbs measure is unique under the condition 
(4.6) for the homogeneous model (3.1). 

Throughout this section we suppose that Jx,y = J- Recall that a function h = 
{hj^jX € \ {a;*^}} is translation-invariant if h^; = h^^ for every x,y G V \ {x^}. 
We are going to show that (3.9) has a translation invariant solution. To this end, 
consider the following mapping : cq — >■ Qp defined by 

iH^))^ = ^^iF^i^■^(^))'^ ^eN, (5.1) 

where x = G cq. One can see that the domain of the mapping is not whole 

space Co^, therefore, in general, it is unbounded. But we are are going to examine J- 
on B. Basically, for the mapping we do not have the inclusion ^(B) C B. However, 
from Lemma 4.1 and (4.6) we derive the following 

Lemma 5.1. Let for a weight A condition (4.6) be satisfied. Then J^(B) C B. 
Moreover, 

||JP-(x)-.F(y)|| < |0-l|p||x-y|| for every ^,yeB. (5.2) 

Now noting that |0 — l|p < l/p^/^~^^ and according to the above Lemma, we can 
apply the fixed point theorem to J-, which implies the existence of a unique fixed 
point hx = {/iA,n}neN € B (here the solution depends on a weight A, therefore, we 
indicate that dependence by subscript A). Since h;^ is a fixed point of J- one has 

M/,,_. = (F^(h,;^))^ (5.3) 

which, thanks to (4.4) and Lemma 4.2, implies that 



A(z) 



-1 l^^^^h 1 



Therefore, Lemma 2.1 allows us to take logarithm from both sides of (3.10), and we 
obtain 

h\,i - hx,o = logp [j^f^K 

which, due to Theorem 3.1, defines the p-adic Gibbs measure, which is denoted by 
fix- Now combining this with Theorem 4.3 we have the following 

Theorem 5.2. Let < \J\p < l/p^/^P~^'> and for a weight A condition (4.6) be 
satisfied. Then for homogeneous p-adic Potts model (3.1) on the Cayley tree of 
order k there is a unique p-adic Gibbs measure px- 

Remark 5.1. It is worth to emphasize the following notes: 

(a) Note that in [50] we have proven for the g-state Potts model that the p- 
adic Gibbs measure is unique if q and p are relatively prime. Therefore, the 
proven Theorem 4.3 shows the difference between finite and countable state 
Potts models. 



More exactly, the domain is {x e co : X^J^i Xn + 0} 
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(b) It turns out that condition (4.6) is important. If we replace strict inequality 
there with weaker one <, then Theorem 4.3 may not hold. Namely, in that 
case there may occur a phase transition. Indeed, if A(0) = A(l) = A(2) = 1 
and A(fc) = for every k > 3, then clearly (4.6) is not satisfied. On the 
other hand, our model is reduced to 3-state Potts model. For such a model 
in [49] the existence of the phase transition was proven at p = 3. Moreover, 
in that case, p-adic Gibbs measures were unbounded. 

(c) For the real counterpart of the model uniqueness result is still unknown (see 



Now we propose the following 

Problem. Investigate all fixed points and behavior around such points of the dy- 
namical system (5.1) on whole space Cq. Note that the dynamical system is rational. 
Therefore, we hope that general theory of rational dynamical systems developed in 
[11, 12, 13, 14, 53, 57], can be applied for one. 

To establish boundedness of the measure nx, we need the following auxiliary 
result. 

Lemma 5.3. Let h be a solution of (3.9), and /ih be an associated p-adic Gibbs 

measure. Then for the corresponding partition function (see (3.6) ) the following 
equality holds 



where A^ ^ will be defined below (see {5.7)). 

Proof. Since h is a solution of (3.9), then we conclude that there is a constant 
cthix) G Qp such that 



[24, 26]). 



Z 



(h) _ 



(5.4) 



'n+l ~ 



ah(x) expp{/ij,^} 



(5.5) 



yeS{x) je* 



for any z G From this one gets 



n n Hexpp{J(5y +/ij-,j,}A(j) 



xew„ yeS{x) je* 



xeWr 




rt 



(5.6) 



where 



xew„ 



(5.7) 
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By (3. 5), (5. 6) we have 
1 = 



= E ^^Ppi^i'^)} n ^(^(^)) n n ^^^pp{'^^<T{x),j + hj,y}x{j) 

x&Wn yeS{x)j&<S> 



,.{h) 



1+1 crefln ^ xgw„ ^ xev„ 



Ah, 



7(h) 

which implies the required relation. 



□ 



Now, as before, assume that condition (4.6) is satisfied. Then wc know that the 
equation (3.9) has a unique translation invariant solution = {hx^n}, therefore, 
ah{x) does not depend on x, which will be denoted by a. Hence, from (5.5) one finds 



a = expp{(A: - 1)/ia,o}(A(0))*^ i^ + Y. ^A,, 

V .7=1 



The equalities (5.4) and (5.7) imply that 



■'\,n = a 



\V„-i\ 



(5.8) 



(5.9) 



where Zx^n denotes the partition function of the measure /ix corresponding to the 
unique solution. Now we are ready to formulate a result. 

Theorem 5.4. Assume that (4.6) is satisfied. Then the p-adic Gibbs measure fix is 
bounded. 

Proof. Take any a G Then from (3.5) with (5.9), (4.6) one gets 

1 



I/^a((^)Ip = 



|-^A,n|p 



xeWn xev„ 



mff'^-'^\o + T.T=ih4x%v. 



|A(0)f"' TT 

|A(0)|?^"-li4 



Xiaix)) 



A(0) 



|fc|Vn-l| 

< |A(0)|f'"l-'=l^"-il, 
here we have used that \9 + X^^i hxj\p = 1. It is known [9] that 

|K| = 1 + ^(A:"-1), 

therefore, 

\Vn\-k\Vn-l\ =2 

hence, (5.10) implies that nx is bounded. 



(5.10) 



□ 
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Example 5.1. Assume that a solution of (3.9) is hi = p\ i ^ N. In this case, one can 
see that 

CXD 

Let us find the corresponding weight A. Put A(0) = 1, then from (3.9) one gets 

* ' V(«-i)p"(i-p) + i/ 

which evidently satisfies conditions (3.4) and (4.6). So, there is a unique bounded 
p-adic Gibbs measure on Vl. 

6. Certain properties of the p-adic Gibbs measures 

In this section without loss of generality we assume that for weights A(0) = 1 and 
/lo = 0. 
Denote 

W = {{A(i)},e$ G Q* : A(0) = 1, |A(i)|p < 1, |A(n)|p ^ as n ^ oo}. 
A norm of a weight A € W wc define by ||A||w = mcix{[A(n)L}, therefore, it is clear 

ne<I> 

that ||A||w; = 1. We know from Theorems 5.2 and 5.4 that for every A G W there is 
a unique bounded p-adic Gibbs measure by denote Qp the set of such measures 
corresponding to the homogeneous Potts model (3.1). We endow Qp with a norm 
defined by 

||/Lt||g = max |/x((t)|j,, iieQp. (6.1) 

ngN 

One can ask: does the measure jix depend on A continuously? Next Theorem 
gives an answer to the question. 

Theorem 6.1. For every A, k € W one has 

II^A - ^kIIs < ||A - k||h;. (6.2) 
Hence, the correspondence ^\ is continuous. 

Proof. Take any A, k € W. Let = {/JA,j}jGN and = {h^^i\i^^ be the corre- 
sponding solutions of (3.9)''. Denote = {hx,i = logp hx,i}, = {/i^.i = logp 
which exist due to the proof of Theorem 5.2. Using (4.3) consider the difference 

\hx,i-KAp = \mFi{\Yx;e) - K{i)Fi{\Y^-e% 

= \X{i){Fi{hx; e) - Fi{h,; 9)) + (A(i) - K{i))Fi{h^; 9)1 

< max||A(z)|p|Fi(hA;^)-i^i(h«;^)|,|A(0-/^(i)|} 

< max||A(i)|p|e-l|p||hA-h«||,|A(i) -K(i)||. (6.3) 

Taking into account |A(i)|p|^ — l|p||hA — h^H < ||hA — h^H from (6.3) and non- 
Archimedeanity of the norm || • || one has 

\\hx-K\\ = \\X-i^\\w (6.4) 



Here we again recall that according to Theorems 4.3 and 5.2 such solutions exist. 
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Now take any n G N. Let us estimate the difference between tfie partition func- 
tions Z\^ri and Zn,K (see (3.6)) of the measures fj,\ and fx^, respectively. Thanks to 
(5.9) with (5.8) and (4.2) one gets 



< 



(oo \ ^ / °° 

j=i / V j=i 

oo oo 



< l|hA-h«|| (6.5) 
Hence, for any a € f^y„, from (3.5) and Lemma 4.2 using (6. 4), (6. 5) we obtain 



|/xa((t) -Mk(o-)Ip 



— n ^^.^^c^) n '^('^(")) 
^ n n '^('^(^)) 



< max 



1 



\X{a{u)) - K{a{u))\p 



< max ||ZA,n - ||hA - h«||, ||A - K\\y^; 

< ||A — k;||w, (6.6) 



here we have used equahties \Zx^n\p = Ij \^K,n\p = 1) which come from (5.9). 
Due to the arbitrariness of n and a we get the required relation (6.2). 



□ 



Now consider one limit theorem concerning fix. 

Let us fix a wight A € W such that X{i) ^ for all i € N. As before by Iia we 
denote a solution of (3.9), and, as before, /iA,i = logp/iA,i) ^ £ N. 
Let us denote 



^ <x,y>&V„ xeW„ ^ 

By A®'"" denote the following measure defined on Qv„ 



(6.7) 



(6.8) 



Theorem 6.2. Let fix the p-adic Gibbs measure corresponding to the Potts model 
with a weight A. Then one has 

^A(cr) 



max 
TeA„ 



A®'" (a) 



1 



as n — > oo. 



(6.9) 
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Proof. Note that if a G An then it means that 

<X,y>eVn xeWn 

for some M G Z. Therefore, the last equahty with (6.8), (3.5) imphes that 



Ma(o-) ^ 


< 


A®'"(cr) 


P 



expjMp"} - 1 



= \Mp\ 

< — as n — > oo 
which proves the assertion. □ 

Remark 6.1. In the theory of Markov process it is important to know whether a given 
Markov measure or Markov field has some clustering (i.e. mixing) property. It is 
known [27] that, in the real case, when a Gibbs measure is unique, then it basically 
has that property. In a p-adic case, the situation is rather tricky (see [34, 35]) and 
still lots are not known. The proven Theorem shows that we are able to find a set An 
on which the ;j-adic measure /ix becomes product measure when n is large enough, 
which means jix has a clustering property on An- The results in [32, 34] show that, 
in general, the clustering property does not hold for p-adic measures. 

Remark 6.2. Note that in [35] the limit behaviour of sums of independent equally 
distributed random variables with respect to p-adic Bernoulli measure has been 
studied. The measure /xa defines a Markov process with infinite number of states, so 
the last theorem is the first step in an investigation of limit theorems for dependent 
processes in a p-adic context. 

7. CONCLUSIONS 

Investigations of physical models over p-adic field require a new kind of probabil- 
ity theory [31], [40]. Development of the p-adic probability theory gives a possibility 
to study p-adic statistical mechanics models. In the present paper we have studied 
countable state nearest-neighbor p-adic Potts models on a Cayley tree in the p-adic 
probability scheme. For the the model, we gave a construction of p-adic Gibbs mea- 
sures which depends on weight A. Such measures are natural and provide nontrivial 
concrete examples of p-adic Markov processes with countable state space (see [39]). 
We have shown that under some condition on weights for the model, the absence 
of a phase transition by studying an infinite-dimensional recursion equation. Such 
results are unknown for the real counterparts of the considered models (see [24, 26]). 
It turned out that the condition does not depend on values of the prime p, therefore 
an analogous fact is not true when the number of spins is finite [49, 50]. It has been 
proven that p-adic Gibbs measure for homogeneous Potts model is unique. We also 
established boundedness such a measure. Continuous dependence the measure on 
weights was also proven. We even obtain one limit theorem for such a measure. This 
is the first step in an investigation on limit theorems for dependent processes in a 
p-adic context. 

Acknowledgement 

The author P.M. thanks the FCT (Portugal) grant SFRH/BPD/17419/2004. He 
is also grateful to Prof. A.Yu. Khrennikov at Vaxjo University for kind hospitality. 
The third named author J.F.F.M. thanks DYSONET-project for partial support. 
Finally, the authors also woTild like to thank to the referee for his useful suggestions 
which allowed us to improve the text of the paper. 



14 



A.YU. KHRENNIKOV, F. M. MUKHAMEDOV, AND J. F.F. MENDES 



References 

S. Albcvcrio, W. Karwowski, A random walk on p-adics, the generator and its spectrum, 
Stochastic. Process. Appl. 53 (1994), 1-22. 

S. Albcvcrio, X. Zhao, On the relation between different constructions of random walks 
on p-adics, Markov Process. Related Fields 6 (2000), 239-256. 

S. Albeverio, X. Zhao, Measure-valued branching processes associated with random 
walks on p-adics, Ann. Probab. 28 (2000), 1680-1710. 

I. Ya. Arefcva, B. Dragovic, I.V. Volovich, p— aclic summability of the anharmonic 
ocillator, Phys. Lett. B 200 (1988), 512-514. 

I. Ya. Arefeva, B. Dragovic, P.H. Frampton, I.V. Volovich, The wave hmction of the 
Universe and p- adic gravity, Int. J. Modern Phys. A 6(24) (1991), 4341-4358. 
D.K. Arrowsniith, F. Vivaldi, Some p— adic representations of the Smale horseshoe, 
Phys. Lett. A 176(1993), 292-294. 

D. K. Arrowsmith, F. Vivaldi, F. Geometry of p— adic Siegel discs, Physica D, 74(1994), 
222 236. 

V.A. Avetisov, A.H. Bikulov, S.V. Kozyrev, Application of padic analysis to models 
of spontaneous breaking of the replica symmetry, J. Phys. A: Math. Gen., 32(1999), 
8785-8791. 

R.J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press, Lon- 
don/New York, 1982. 

E. Bcltrametti, G. Cassinelli, Quantum mechanics andp— adic numbers, Found. Phys. 
2 (1972), 1-7. 

R.Benedetto, Hyperbolic maps inp-adic dynamics, Ergod. Th.& Dynam.Sys. 21(2001), 
1-11. 

R.Benedetto, p-Adic dynamics and Sullivan's no wandering domains thoerem. Compos- 
ite Math. 122(2000), 281-298. 

R. Benedetto, Non- Archimedean holomorphic maps and the Ahlfors islands theorem. 
Amer. J. Math., 125(2003), 581-622. 

J-P. Bezivin. Fractions rationelles hyperbohques p-adiques. Acta Arith., 112(2004), 
151-175. 

A. Besser, C. Deninger, p-adic Mahler measures, J. Reine Angew. Math. 517 (1999), 
1950. 

P.M. Bleher, J. Ruiz and V.A. Zagrebnov, On the phase diagram of the random field 
Ising model on the Bethe lattice, Jour. Statist. Phys. 93(1998), 33-78. 
D.R. Brillinger, Some asypmtotics of finite fourier of a statioanry p-adic process. Jour. 
Combin. Inform.fe Sys. 16(1991), 155-169. 

M. Del Muto, A. Figa-Talamanca, Diffusion on locally compact ultrametric spaces, 
Expo. Math. 22 (2004), 197-211. 

R.L. Dobrushin, The problem of uniqueness of a Gibbsian random field and the problem 
of phase transitions. Funct.Anal. Appl. 2(1968)2, 302-312. 

R.L. Dobrushin, Prescribing a system of random variables by conditional distributions. 
Thcor. Probab. Appl. 15(1970), 458-486. 

G. Everest, A. van der Poorten, I. Shparlinski, T. Ward, Recurrence sequences. Mathe- 
matical Surveys and Monographs 104, Providence, RI, American Mathematical Society, 
2003. 

P.G.O. Freund, M. Olson, Non-Archimedian strings, Phys. Lett. B, 199 (1987), 186- 
190. 

P.G.O. Freund, E. Witten, Adelic string amplitudes, Phys. Lett. B 199 (1987), 191-195. 
N.N. Ganikhodjaev, The Potts model on Z** with countable set of spin values, Jour. 
Math. Phys. 45 (2004), 1121-1127. 

N.N. Ganikhodjaev, F.M. Mukhamedov, U.A. Rozikov, Phase transitions of the Ising 
model on Z in the p-adic number field. Uzbek. Mat. Jour. (1998), No. 4 , 23-29 (Rus- 
sian). 

N.N. Ganikhodjaev, U.A. Rozikov, The Potts model with countable set of spin values 
on a Cayley tree, Lett. Math. Phys. 75 (2006), 99-109. 

H. O. Georgii, Gibbs measures and phase transitions (Walter de Gruyter, Berlin, 1988). 



p-ADIC GIBBS MEASURE OF POTTS MODEL 



15 



[28] M. Herman, J.-C.Yoccoz, Generalizations of some theorems of small divisors to non- 
Archimedean fields, In: Geometric Dynamics (Rio de Janeiro, 1981), Lec. Notes in 
Math. 1007, Springer, Berlin, 1983, pp.408-447. 

[29] H. Kaneko, A. N. Kochubei, Weak solutions of stochastic differential equations over the 
field of p-adic numbers, Tohoku Math. ,J. (to appear), arXiv:0708.1706. 

[30] W. Karwowski, R. Vilela-Mendes, Hierarchical structures and asymmetric processes on 
p-adics and adeles, J. Math. Phys. 35 (1994), 4637-4650. 

[31] A.Yu.Khrennikov, p-adic valued probability measures, Indag. Mathem. N.S. 7(1996), 
311-330. 

[32] A.Yu.Khrennikov, p-adic Valued Distributions in Mathematical Physics. (Kluwer Aca- 
demic Publisher, Dordrecht, 1994). 

[33] A.Yu.Khrennikov, Non- Archimedean analysis: quantum paradoxes, dynamical systems 
and biological models. Kluwer Academic Publisher, Dordrecht, 1997. 

[34] A. Yu. Khrennikov, p-adic behavior of Bernoulli probabilities. Theory Probab. Appl., 
42 (1997), 689-694. 

[35] A.Yu.Khrennikov, Limit behaviour of sums of independent random variables with re- 
spect to the uniform p-adic distribution, Statis. & Probab. Lett. 51(2001), 269 276. 

[36] A.Yu.Khrennikov, S.V.Kozyrev, Wavelets on ultrametric spaces, Appl. Comput. Har- 
monic Anal., 19(2005) 61-76. 

[37] A.Yu. Khrennikov, S.V. Kozyrev, Ultrametric random field. Infin. Dimens. Anal. Quan- 
tum Probab. Relat. Top. 9(2006), 199-213. 

[38] A.Yu. Khrennikov, S.V. Kozyrev, Replica symmetry breaking related to a general ul- 
trametric space I,n,HI, Physica A, 359(2006), 222-240; 241-266; 378(2007), 283-298. 

[39] A. Khrennikov, S. Ludkovsky, Stochastic processes on non-Archimedean spaces with 
values in non- Archimedean fields. Markov Process. Related Fields 9 (2003), 131-162. 

[40] A.Yu. Khrennikov, M. Nilsson, p-adic deterministic and random dynamical systems. 
(Kluwer, Dordreht, 2004). 

[41] A.Yu.Khrennikov, S Yanada, A. van Rooij, Measure-theoretical approach to p-adic 
probability theory. Annals Math. Blaise Pascal, 6(1999) 21-32. 

[42] N.Koblitz, p-adic numbers, p-adic analysis and zeta-function, Berlin, Springer, 1977. 

[43] A. N. Kochubei, Pseudo-differential equations and stochastics over non-Archimedean 
fields, Mongr. Textbooks Pure Appl. Math. 244 Marcel Dekker, New York, 2001. 

[44] S.V.Kozyrev, Wavelets and spectral analysis of ultrametric pseudodifi^erential operators 
Sbornik Math, 198(2007), 97-116. 

[45] S.V. Ludkovsky, Non- Archimedean valued quasi-invariant descending at infinity mea- 
sures. Int. J. Math. Math. Sci. (2005), no. 23, 3799-3817. 

[46] Yu. Manin, New dimensions in Geometry, Lecture Notes in Mathematics 1111, Springer, 
New York, 1985, pp. 59-101. 

[47] E.Marinary, G.Parisi, On the p-adic five point function, Phys. Lett. B 203(1988), 52-56. 

[48] K. Mahler, p-adic numbers and their functions. Cambridge Tracts in Mathematics, 76, 
Cambridge Univ. Press, Cambridge-New York, 1981. 

[49] F.M.Mukhamedov, U.A.Rozikov, On Gibbs measures of p-adic Potts model on the 
Cayley tree, Indag. Math. N.S. 15(2004), 85-100. 

[50] F.M.Mukhamedov, U.A.Rozikov, On inhomogeneous p-adic Potts model on a Cayley 
tree, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 8 (2005), 277-290. 

[51] F.M.Mukhamedov, U.A.Rozikov, J.F.F. Mendes, On phase transitions for p-adic Potts 
model with competing interactions on a Cayley Tree, AIP Conference Proceedings, Vol. 
826, Melville, New York, 2006, pp. 140-150. 

[52] G. Paladin, M.Mezard, Diffusion in an ultrametric space: a simpe case. J, Physique-Lett. 
46(1985), L985-L989. 

[53] J. Rivera-Letelier, Dynamics of rational functions over local fields, Asterisque 
287(2003), 147-230. 

[54] A. van Rooij, Non-archimedcan functional analysis. Marcel Dekker, New York, 1978. 
[55] W.H. Schikhof, Ultrametric Calculus, Cambridge University Press, Cambridge, 1984. 
[56] J.H. Silverman, The arithmetic of dynamical systems. Graduate Texts in Mathematics 

241, New York, Springer, 2007. 
[57] J.H. Silverman, www.math.brown.edu/ jhs/MA0272/ ArithDynRefsOnly.pdf 



16 A.YU. KHRENNIKOV, F. M. MUKHAMEDOV, AND J. F.F. MENDES 



[58] F. Spitzer, Phase transition in one- dimensional nearest-neighbor systems, J. Funct. 

Anal. 20(1975), 240-255. 
[59] E.Thiran, D.Verstegen, J.Weters, j>adic dynamics, J.Stat. Phys. 54(3/4) (1989), 893- 

913. 

[60] F. Vivaldi, www.maths.qmw.ac.uk/ fv/database/algdyn.bib. 

[61] V.S. Vladimir ov, I.V.Volovich, E.I.Zelenov, p-adic Analysis and Mathematical Physics, 

(World Scientific, Singapour, 1994). 
[62] I.V. Volovich, Number theory as the ultimate physical theory. Preprint TH. 4781/87, 

1987. 

[63] I.V. Volovich, p— adic string. Classical Quantum Gravity, 4, (1987) L83-L87. 

[64] K. Yasuda, Extension of measures to infinite-dimensional spaces over p-adic field, Osaka 

J. Math. 37 (2000), 967-985. 
[65] T. Ward, Review to "p-Adic deterministic and random dynamics" , by A.Yu. Khrennikov 

and M. Nilsson, Bulletin, AMS, 43(2005), 133-137. 
[66] F.Y. Wu, The Potts model. Rev. Mod. Phys. 54 (1982), 235-268. 

A. Yu. Khrennikov, International Center for Mathematical Modeling, 
MSI, Vaxjo University, SE-35195, Vaxjo, Sweden 
E-mail address: Andrei.Khrennikov@msi.vxu.se 

F.M. Mukhamedov, Departamento de Fisica, Universidade de Aveiro, Campus 
Universitario de Santiago, 3810-193 Aveiro, Portugal 
E-mail address: far75m@yandex.ru, farruh@fis.ua.pt 

J. F.F. Mendes, Departamento de Fisica, Universidade de Aveiro, Campus 
Universitario de Santiago, 3810-193 Aveiro, Portugal 
E-mail address: jfmendes@fis.ua.pt 



